We investigate the infinite-dimensional two-orbital Hubbard model at arbitrary band fillings. By means of the self-energy functional approach, we discuss the stability of the metallic state in the systems with same and different bandwidths. It is found that the Mott insulating phases are realized at commensurate band fillings. Furthermore, it is clarified that the orbital selective Mott phase with one orbital localized and the other itinerant is stabilized even at fractional band fillings in the system with different bandwidths.
Introduction
Recently, strongly correlated electron systems with orbital degeneracy have attracted much interest.
1 Among them, heavy fermion behavior in the transition metal oxides is one of the most important issues in the condensed matter physics. In the lithium vanadate LiV 2 O 4 , 2 geometrical frustration originating from the pyrochlore structure suppresses magnetic correlations, realizing a heavy fermion state below T ∼ 40K. 3, 4 The orbital degeneracy in the 3d bands was also suggested to stabilize the heavy fermion state. [5] [6] [7] Other interesting examples are the transition metal oxides Ca 2−x Sr x RuO 4 8 and La n+1 Ni n O 3n+1 . 9, 10 It is suggested that a Mott transition in some of relevant orbitals, i.e. an orbital selective Mott transition (OSMT), 11 is induced by the chemical substitution of Ca ions and also by the change in temperatures, where the heavy metallic state is realized. Furthermore, the pressure-induced OSMT is also suggested in the vanadium oxide V 2 O 3 , 12 which stimulates further theoretical and experimental 35, 36 investigations on the effect of electron correlations in the system with orbital degeneracy.
The two-band system in infinite dimensions is one of the simplest models with orbital degeneracy, where many groups have discussed the nature of the Mott transition, [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] the magnetism, 50-52 the thermodynamic properties, 53, 54 etc. Among them, the possibility of the OSMT related to the above compounds has been discussed recently. 11, 12, [16] [17] [18] It has been clarified that separate Mott transitions occur in the half-filled system with different bandwidths, in general. 19 On the other hand, in a certain parameter region, the effect of the different bandwidths is diminished, where a single Mott transition is induced. 14, 19, 23, 24 In contrast to these intensive studies of the bandwidth control Mott transitions, little is known about the filling control Mott transitions, which may be important to discuss the stability of the OSMT in real materials. Therefore, it is desired to discuss the filling control Mott transitions as well as the bandwidth control Mott transitions systematically.
Our concern is to investigate the two-orbital Hubbard model at arbitrary band fillings. For this purpose, we make use of the self-energy functional approach (SFA), [55] [56] [57] which allows us to discuss the Mott transition systematically. By calculating several physical quantities, we discuss the stability of the metallic state in the system. This paper is organized as follows. In Sec. 2, we introduce the two-orbital Hubbard model. In Sec. 3, we treat the two-orbital Hubbard model with same bandwidths to test the validity of our analysis. We discuss the nature of the Mott transition in the system with different bandwidths to determine the phase diagram in Sec. 4. A brief summary is given in Sec. 5
Model and Method
We investigate the two-orbital Hubbard model with different bandwidths, which is explicitly given as,
where c † iασ (c iασ ) is a creation (annihilation) operator of an electron with spin σ(=↑, ↓) and orbital α(= 1, 2) at the ith site, and n iασ is the number operator. Here, t α denotes the hopping integral for the αth orbital, µ the chemical potential, U (U ′ ) the intra-orbital (inter-orbital) Coulomb interaction, and J the Hund coupling including the spin-flip and pair-hopping terms. We impose the condition U = U ′ + 2J, which is obtained by the symmetry arguments for the degenerate orbitals.
To discuss the competition between the metallic and the Mott insulating phases, we make use of the SFA proposed recently. 55, 56 Since this method is based on the variational principle, it has an advantage in discussing the nature of the Mott transitions. In fact, it has been applied to correlated electron systems at half filling, where the precise phase diagrams have been obtained.
30, 54-57
Here, we deal with the two-orbital system at arbitrary band fillings to determine the phase diagrams. The detail of the SFA for the doped system is explicitly shown in Appendix. In the paper, we use a semi-circular density of states (DOS), ρ α (ω) = 4/πW α 1 − (2ω/W α ) 2 , where W α is a bandwidth for the αth orbital.
In the next section, we treat the degenerate Hubbard model with same bandwidths as a simple model, to check the validity of our analysis for the doped system. Then we determine the phase diagram in the system to discuss the role of the Hund coupling for the Mott transitions at quarter filling.
3.
Mott transitions in the system with same bandwidths
We consider the two-orbital Hubbard model with same bandwidths (W 1 = W 2 = 4). The renormalization fac- tor Z, which is proportional to the inverse of the effective mass, is shown in Fig. 1 . First, we focus on the case J/U = 0, as shown in Fig. 1 (a) . The introduction of the Coulomb interaction monotonically decreases the renormalization factor and the double dip structure appears in the case (U > 4). In the strong coupling region, the renormalization factor reaches zero when n = 1 and n = 2, while it never vanishes otherwise. 40, 41 This result is consistent with the well-known fact that the Mott transition occurs only at commensurate band fillings such as quarter filling (n = 1) and half filling (n = 2).
40, 41, 48
The corresponding critical points U c ∼ 9.2 and 7.7 are in agreement with those obtained by other numerical methods.
45, 48 Therefore, we can say that the reliable results are obtained in terms of the SFA not only at half filling but also at arbitrary band fillings. A similar dip structure appears in the system with a finite Hund coupling J/U = 0.1, as shown in Fig. 1 (b) .
We now address how the Hund coupling affects the competition between the metallic and the Mott insulating phases at quarter filling (n = 1), in comparison with the results for the half filled case (n = 2).
48, 49, 54
In Fig. 2 , we show the renormalization factor, and the spin and orbital susceptibilities. In the case, the parameterŨ = U ′ − J is useful to discuss the Mott transition in the system, which corresponds to the energy scale of the lowest Hubbard gap [see the inset of Fig decreases the renormalization factor, where spin and orbital susceptibilities are monotonically enhanced. On the other hand, the large Hund coupling (J/U = 0.3) leads to different behavior. It is found that the introduction ofŨ rapidly decreases the renormalization factor, where the spin (orbital) susceptibility is increased (decreased).
2), the Hubbard gap does not appear near the Fermi level, but highenergy structures appear due to U and U ′ , as shown in the top panel of Fig. 3 . It suggests that the spin-triplet two-electron state formed by J plays an important role in low energy states, while the spin-singlet states contribute the high energy features. However, when the system approaches the Mott critical point (the bottom panel of Fig. 3 ), the Hubbard satellite that originates from the spin-triplet state appears at the position ofŨ , while the Hubbard satellites have roots in the spin-singlet states are shifted to higher energy region. Then, the triplet state does not directly contribute to low energy states, but contributes through a virtual process between the ground state and the triplet state. Therefore, the heavy fermion state is gradually changed in character around U ∼ 0.3. Eventually, both susceptibilities simultaneously diverge at a critical pointŨ c = 5.9 (U c = 58.7), where the second-order transition occurs to the Mott insulating phase, as shown in Fig. 2 . By performing similar calculations, we end up with the phase diagram as shown in Fig. 4 . Note that at quarter filling, spin and orbital fluctuations are simultaneously enhanced at the critical point, yielding the second-order Mott transition. This behavior is in contrast to that for the half filled case. 45, 48, 54 At half filling, the second-order Mott transition occurs in the case U = 0, where spin and orbital fluctuations are enhanced simultaneously. On the other hand, if the Hund coupling is introduced, orbital fluctuations are strongly suppressed, yielding the firstorder Mott transition.
32, 37, 48
In this section, we have studied the degenerate Hubbard model with same bandwidths by means of the SFA. The obtained results reproduce the well-known numerical results, 40, 41, 48 implying that the SFA allows us to investigate strongly correlated electron systems with and without particle-hole symmetry systematically. In the following, we consider the two-orbital system with different bandwidths to discuss ground state properties at arbitrary band fillings.
The system with different bandwidths
Let us move our attention to the effect of different bandwidths. Recently, theoretical advances have been made in the system at half filling, where the nature of the OSMT has been discussed. 15, 19, 30 etc. However, it is not trivial whether the OSM phase in the doped system is adiabatically connected to the Mott insulating phase at quarter filling. This may be important to understand real materials, in which the total electron count can be tuned by the chemical substitutions. Therefore, it is necessary to systematically discuss how the Mott insulating phases, which are realized in commensurate band fillings, are stabilized in the doped system, which may be a key to understand the Mott transitions in real materials with orbital degeneracy.
Here, we consider the Mott transitions in the Hubbard model with the different bandwidths W 1 = 2 and W 2 = 4 (R = 0.5). To overview the competition between the metallic and the Mott insulating phases, we first calculate the renormalization factor for each orbital in the system with J/U = 0.1, as shown in = U/W α ). Therefore, with the increase of the interaction, the renormalization factor for the narrower band are decreased rapidly. Eventually, the OSMT occurs at the critical point U c ∼ 3.3, inducing the OSM phase with one orbital localized and the other itinerant. Further increase of interaction induces another Mott transition in the wider band at the critical point U c ∼ 4.0. These results are consistent with the previous results. 24, 30 In contrast, somewhat complicated behavior appears away from half filling, where an electron count for each band depends on the magnitude of the interactions.
To make this clear, we calculate the renormalization factor and the electron count for each orbital with a fixed total electron count n = 1.0 (quarter filling), 1.1 and n = 1.6, as shown in Figs. 6 (a), (b) , and (c). Now, we focus on the case n = 1.6, where the total electron count is close to half filling. As increasing the interactions, the renormalization factor for the narrower band reaches zero at a critical point U c = 11.7, where half filing is realized in the narrower band. This implies that the commensurability for the narrower band is satisfied in the presence of electron correlations, and thus the system is driven to the OSM phase. 19 On the other hand, when the system is close to quarter filling (n = 1.1), the electron count for both bands is far from unity even in the strong coupling regime, as shown in Fig. 7 (b) . This implies that the heavy quasi-particle state persists and the Mott transition never occurs (at least, up to U ∼ 60).
In contrast, at quarter filling (n = 1), the renormalization factors z 1 and z 2 reach zero simultaneously, where the single transition occurs. It is found that the electron count for each orbital still remains fractional even in the Mott insulating state. This suggests that the commensurability is never satisfied for either orbital. An important point is that the Mott transition at quarter filling is quite different from the OSMT discussed above, implying that the Mott insulating state is not adiabatically connected to the OSM state. To clarify the difference in these Mott transitions, it is instructive to discuss spin and orbital fluctuations in the system at arbitrary band fillings.
In Fig. 8 , we show the local susceptibilities for spin and orbital degrees of freedom. Characteristic behavior of the Mott transition appears in the figure. When n ∼ 1, the increase of the interaction enhances spin and orbital fluctuations simultaneously, inducing the Mott transition at quarter filling. On the other hand, when the system is close to half filling (n 1.3), the spin susceptibility is enhanced and the orbital susceptibility is strongly suppressed in the strong coupling region, where the OSM phase is realized with one orbital localized and the other itinerant. An important point is that the metallic state between these Mott insulating phases are quite sensitive to the total electron count, as discussed above. Therefore, it is expected that the ground state is drastically changed by some perturbations, e.g. the crystalline electric field, the chemical substitution, etc.
We end up with the phase diagram as shown in Fig. 9 . At half filling (n = 2), as introducing the Coulomb inter- action, the Mott transition in the narrower band occurs to the OSM phase. Further increase of the interaction drives the system to the Mott insulating phase. If the total electron count is changed in the Mott insulating phase, holes are doped only in the wider band due to the strong correlations in the narrower band. Therefore, the OSM phase is stabilized even away from half filling. When the electron count approaches quarter filling, the holes are introduced in both bands, thus the system is driven to the metallic state. In contrast, the different type of the Mott insulating state appears beyond a certain critical point when the system is quarter-filled.
Up to now, we have restricted our discussion to the condition J/U = 0.1 and R = 0.5. If the Hund coupling is increased, orbital fluctuations are further suppressed. Therefore, it is expected that the OSM phase becomes more stable, while the Mott insulating phase at quarter filling becomes unstable. In fact, in comparison with the phase diagram for J/U = 0.1 and R = 0.5, the region of the OSM phase broadens and the critical point at quarter filling is increased, as shown in the inset of Fig. 9 . The large difference of the bandwidths also suppresses orbital fluctuations, as discussed in the previous paper.
32 Therefore, the same phase diagram is expected to be obtained, where the wide OSM phase away from half filling is realized.
Summary
We have investigated the two-orbital Hubbard model with same and different bandwidths at zero temperature. By making use of the SFA, we have discussed the competition between the metallic and the insulating states in the system at arbitrary band fillings. We have found that the Mott transition occurs only at commensurate band fillings in the system with same bandwidths. On the other hand, in the system with different bandwidths, the OSM phase with one orbital localized and the other itinerant is stabilized in a certain parameter region. There are some open problems in the present study. One of the most important issues is magnetism of the system, which has not been treated here, since we have restricted our attention to the paramagnetic phase. This problem is under consideration.
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Appendix: Formulation of the SFA
We briefly summarize the formulation of the SFA in order to discuss the Mott transition in the system without particle-hole symmetry. Here, by combining the numerical method with the analytic method, we describe the Mott insulating state in the framework of the SFA.
First, let us consider the free energy F for the system as,
where L is the number of sites and n is the electron count per site. The grand potential Ω is given as, 
where Ω(t ′ ) and Σ(t ′ ) are the grand potential and the self-energy for the reference system. The condition ∂Ω[Σ(t ′ )]/∂t ′ = 0 gives us an appropriate reference system in the framework of the SFA, which approximately describes the original correlated system.
Here, we introduce a two-site Anderson impurity model as the reference system, which has successfully described strongly correlated electron systems in the infinite dimensions.
30, 54-56, 63, 64 The Hamiltonian of the
